Abstract: During ascent and reentry of a hypersonic airplane into the atmosphere of the Earth extreme thermal loads appear. Therefore an efficient lightweight thermal protection system is mandatory for the feasibility of the entire mission. We consider a trajectory optimization problem coupled with a modelling of the heat load at the stagnation point. This paper focuses on the presentation of the mathematical formulas of the coupled PDE-ODE optimal control problem with state constraints with emphasis on the thermal protection system. By applying a finite volume discretization to the layers in the thermal protection system an ODE constrained optimal control problem results. It still mimics the solution properties of the PDE. Finally numerical results are presented.
INTRODUCTION
We consider a flight path optimization problem in the hypersonic flight regime. The aerothermic heating requires the use of innovative lightweight materials and a sophisticated thermal protection system (TPS). Therefore advanced mathematical approaches are needed, to compute and optimize the thermal load in hypersonic flight regimes. Mathematically this leads to a trajectory optimization problem s.t. an instationary heat equation. The model of the hypersonic plane is based on the lower stage of the German Sänger II concept, see e.g. Högenauer (1987) ; Kuczera, Krammer, Sacher (1991) ; Buhl, Ebert, Herbst (1992) , which may be considered also for intercontinental hypersonic flight. The thermal protection system consists of different insulated layers of suitable materials and thicknesses. For simplicity we consider here only the most critical stagnation point. More complicated thermal models are described e.g. in Bayer (1993) ; Dinkelmann (1997) ; Wächter (2004) ; Dinkelmann, Wächter, Sachs (2002) .
The model of the hypersonic space vehicle together with the TPS is based on Bayer (1993) ; Dinkelmann (1997) ; Wächter (2004) , see also Dinkelmann, Wächter, Sachs (2002) ; Chudej et al (2008) . The formulas of the model used in the code are given completely for the first time in Witzgall (2009) . The aim of the paper is to describe in a detailed mathematical way the modelling of the coupling between a complicated but standard trajectory optimization problem with an instationary heat equation (partial differential equation) in order to investigate in future the observed numerical difficulties in more detail.
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The presented numerical results are based on the revised Fortran code of Witzgall (2009) using the direct collocation method DIRCOL (von Stryk (1994 (von Stryk ( , 1999 ) for the solution of the ODE constrained optimal control problem. The resulting nonlinear program is solved by the SQPsolver SNOPT (Gill, Murray, Saunders (2005) ).
MODELLING OF THE HYPERSONIC FLIGHT
We consider a minimum fuel -resp. maximum final mass -range flight over a spherical rotating Earth in the equator plane with free final time t f . State variables of the trajectory optimization problem (optimal control problem) [-] (needed for the computation of the fuel consumption). Throttle setting δ F , needed in the thrust formula, is modeled as an auxiliary function, dependent on the control equivalence ratio and the state variables.
Model functions of the Earth and the atmosphere
Used model functions (see Stephan, Mayinger (1986) ; Anderson (1989) 
Model functions of thrust and fuel consumption
The formulas of thrust
Trajectory optimization problem with equations of motion
Find optimal controls α(t), Φ L (t) to maximize the cost functional max
s.t.
• ODE constraints (the equations of motion)
• control constraints
• boundary conditions
Up to now we have formulated a complicated but standard trajectory optimization problem. For Eqs. (2-6) see e.g. Miele (1962); Vinh, Busemann, Culp (1980) .
MODELING OF THE HYPERSONIC THERMAL LOAD
We enhance the model now by an instationary heat equation (PDE), which models the temperature Θ(t, x) [K] (in the layers) of the thermal protection system beneath the stagnation point of the hypersonic plane. Finally we will limit the interior wall temperature beneath the stagnation point, which will lead to an additional state constraint governed by a partial differential equation (PDE) . The boundary conditions of the PDE at the airplane wall are directly dependent on the atmospheric variables in the boundary layer around the hypersonic plane. These variables are dependent on the atmospheric variables after the detonation shock of the hypersonic plane. And those variables are dependent on the atmospheric variables before the detonation shock, which are dependent on the altitude H and velocity V of the hypersonic plane, see Fig. 1 and 2. In order to compute a numerical solution, we will apply a finite volume discretization to the different layers of the thermal protection system. This will lead to an additional set of ODEs together with a state constraint, which will be coupled with the trajectory optimization problem (1-9).
Thermal protection system
Hypersonic flight causes a substantial heating of the aircraft wall, therefore a sophisticated thermal protection 
Note that in Bayer (1993); Dinkelmann (1997) ; Wächter (2004) a slightly different formula was used. The temperature Θ(t, x) in the thermal protection system is dependent on time t and position x ∈ Ω. Ω represents the spatial neighborhood of the stagnation point. We consider only a 1D model at the stagnation point. The spatial axis x is given by the interior normal of the wall, i.e.
We complete the 1D parabolic PDE with initial and boundary conditions:
A finite volume discretization of the instationary heat equation at the stagnation point yields for the five considered layers of the thermal protection systeṁ 
Initial conditions for the temperatures in the layers of the thermal protection system are
The most restrictive constraints are the state constraints
3.2 Algorithm for computing the heat fluxq aero (V, H, Θ 1 )
Variables before the detonation shock, see Fig. 1 .
The variables p 1 , 1 , T 1 , and κ 1 after the detonation shock are computed by an iteration loop, see Fig. 1 :
. After the iteration loop the following variables are computed:
Variables of the boundary layer, see Fig. 2 :
, η e := η(T e ) , P r e := P r(T e , p e ) , Reiter (1994) ) .
Boundary condition at the outside of the airplane wall:
This yields the heat flux (Fay, Riddell (1958); Reiter (1994) ; White (1974))
u e (h e − h w ).
NUMERICAL RESULTS OF THE TWO OPTIMAL CONTROL PROBLEMS
Prescribing upper limits for the temperatures in the layers of the thermal protection system allows to use not so costly wall materials.
Enhancing the trajectory optimization problem (1-9) with the onesided coupled equations (12-15) enables the computation of the air temperature T (H) before the detonation shock, the air temperature after the detonation shock T 1 , the air temperature in the boundary layer T e , the five temperatures in the layers of the thermal protection system Θ 1 , . . . , Θ 5 , but does not change the solution of the trajectory optimization problem (1-9). This case is called the reference case in the numerical results.
Enhancing the optimal control problem (1-15) by the state constraint (16) yields a new optimal control problem, called the constrained case. The trajectory has to be adapted, such that the state constraint (16) is fulfilled and the cost functional (1) is maximized.
The numerical results show that in the constrained case the velocity V (and altitude H) is lower and therefore a longer flight time t f is needed, see Fig. 3 and the constrained case, but descent starts about 400 [s] later in the constrained case, see Fig. 3 . The state constraint on the dynamic pressure q is partly active for the optimal solution, see Fig. 4 . The controls angle of attack α and equivalence ratio Φ L as well as the load factor n(V, H, m; α) are depicted in Fig. 5 . Fig. 6 shows the temperatures Θ i in the i-th layer of the thermal protection system for the reference case and the constrained case. Fig. 7 and Fig. 8 show, that the maximum temperature Θ 1 in the airplane wall is about 600 [K] lower than the temperature in the boundary layer T e for the reference case and about 400 [K] for the constrained case. This is due to the absorption of heat by the TPS. This is made possible by the considerably greater density of the used material C/SiC compared to the circulating air around.
CONCLUSION
The complete mathematical formulas of the hypersonic plane model used in the Fortran code and described only partly in Bayer (1993); Dinkelmann (1997); Wächter (2004) possible remedy might be to prescribe a fixed number of iterations in the algorithm of Sect. 3.2. This is beneficial for the needed (first and second order) derivatives of the constraints in the nonlinear programming model. Maybe the used implicit discretization schema should be substituted. It is well-known, that higher order discretization schemas are beneficial for trajectory optimization problems. On the other hand an A-stable discretization schema is beneficial for the stiff ODEs derived from the heat equation. This is equivalent to the use of a suitable partitioned integrator. This coupled ODE-PDE optimal control problem was solved by discretization long before mathematical theory on PDE optimal control was available. Nevertheless it inspired a deeper mathematical investigation of a simplified problem of a hypersonic car, see Pesch et al (2010) ; Wendl, Pesch, Rund (2010); Rund (2012) . 
